ABSTRACT. It has been shown that the number of occurrences of any -line configuration in a Steiner triple system can be written as a linear combination of the numbers of full m-line configurations for 1 ≤ m ≤ ; full means that every point has degree at least two. More precisely, the coefficients of the linear combination are ratios of polynomials in v, the order of the Steiner triple system. Moreover, the counts of full configurations, together with v, form a linear basis for all of the configuration counts when ≤ 7. By relaxing the linear integer equalities to fractional inequalities, a configuration polytope is defined that captures all feasible assignments of counts to the full configurations. An effective procedure for determining this polytope is developed and applied when = 6. Using this, minimum and maximum counts of each configuration are examined, and consequences for the simultaneous avoidance of sets of configurations explored.
Introduction
A partial triple system PTS(v, λ) is a set V of v elements and a collection B of triples, so that each unordered pair of elements occurs in at most λ triples of B. Its leave is the multigraph on vertex set V in which the edge {x, y} appears λ−s times when there are precisely s triples of B containing {x, y}. When every pair occurs in exactly λ triples, the system is a triple system, TS (v, λ) . When in addition λ = 1, it is a Steiner triple system, STS(v). By a configuration we mean a PTS(k, ), (K, L ), with |K| = k and |L | = , typically with a "small" fixed integer. The term "configuration" is applied in the literature much more generally to permit blocks of larger sizes, but we restrict to block size three. The triples are sometimes called lines here to conform with geometric terminology (in the same vein, elements are sometimes called points here). The degree of a point is the number of lines containing the point. We refer to [4, Chapter 13] for background.
Evidently, there are configurations that must occur in every nontrivial triple system, while others may be avoided altogether. This leads naturally to questions about ubiquity, as well as questions about avoidance and decompositions. A configuration whose number of occurrences in a TS(v, λ) depends only upon v and λ is constant (for these parameters). Otherwise, it is variable.
We restrict to configurations in Steiner triple systems here. A (k, )-configuration (in an STS(v)) is a set of lines whose union contains precisely k points, so that no two points lie on more than one line. An ( + 2, )-configuration that contains no (m + 2, m)-configuration for 1 < m < is an Erdős configuration. A configuration in which every point has degree at least two is a full configuration; it is minimal full if it contains no full configuration on fewer lines. An Erdős configuration must be full, but need not be minimal full. A configuration in which every point has even degree is an even configuration. In Table 1 the numbers of configurations for ≤ 8 lines is given (for related enumeration results, see [8] ). All -line configurations with ≤ 4 are shown in Figure 1 . The Pasch configuration, shown as #9, is the smallest full configuration, the smallest Erdős configuration, and the smallest even configuration. 1  1  0  0  0  0  2  2  0  0  0  0  3  5  0  0  0  0  4  16  1  1  1  1  5  56  1  1  0  1  6  282  5  4  2  2  7  1865  19  11  0  8  8  17100  153  78  12  64 Each configuration with at most three lines is constant. For each ≥ 4, there exist both variable and constant -line configurations. G r a n n e l l , G r i g g s , and M e n d e l s o h n [13] show that of the 16 
ÓÒ ØÙÖ 1.2º ([19] ) The five -line configurations S , T , U , V , and W are the only constant configurations in Steiner triple systems.
The Mitre configuration is shown in Figure 3 ; it is also an Erdős configuration, and is the only full 5-line configuration. Among the five full 6-line configurations also shown, Hexagon and Crown are Erdős, while Double Triangle and Grid are even. Avoidance of configurations has been extensively studied. For every v ≡ 1, 3 (mod 6), v / ∈ {7, 13}, there is an anti-Pasch Steiner triple system, an STS(v) in which no four triples are isomorphic to the Pasch configuration ([15] , [21] ). There is an anti-mitre STS(v) (one that contains no configuration isomorphic to the Mitre configuration) if and only if v ≡ 1, 3 (mod 6) and v = 9 ( [3] , [10] , [28] ). An STS(v) is r-sparse if it contains no Erdős configuration on 2 ≤ ≤ r lines. In 1976, Erdős [6] conjectured that an -sparse STS(v) exists for every integer ≥ 2. Every STS(v) is 3-sparse. An STS is 4-sparse exactly when it is anti-Pasch. It is 5-sparse when it is both anti-Pasch and anti-mitre. A 5-sparse STS(v) is known to exist when v ≡ 3 (mod 6) and v ≥ 21, and for many other orders ( [11] , [28] ). However a complete characterization is not known. F o r b e s , G r a n n e l l , and G r i g g s [9] construct 29 6-sparse systems in the residue class 7 modulo 12, with orders ranging from 139 to 4447. They also present a recursive construction that establishes the existence of 6-sparse systems for an infinite set of orders. No -sparse STS(v) is known for any ≥ 7.
For avoidance, simultaneous avoidance, and decomposition into configurations, see [16] , [17] , [18] , [20] , [22] , [25] .
Generating sets and bases
In general, a set M of configurations, each with 1 ≤ m ≤ lines, is a generating set for -line configurations if, for each admissible order v, the number of occurrences of any -line configuration can be expressed as a linear combination of the number of occurrences of the configurations in M . To treat all values of v simultaneously, these numbers of occurrences are expressed as polynomials in v. A minimal generating set is a basis. As defined, a generating set is linear, and so therefore is a basis. One could define analogous notions of generating sets and bases using polynomial equalities rather than just linear ones; as we see later, such a polynomial basis can be smaller than a linear basis.
For 4-line configurations, any constant configuration together with the Pasch configuration forms a basis ( [13] ). One could simply take the constant configuration to be the unique 1-line configuration, whose count is the number of lines in the STS, thereby determining v. We state results to permit any constant configuration, but the single line typically is chosen.
G r a n n e l l , G r i g g s , and M e n d e l s o h n [13] conjecture that the set of Erdős configurations on at most lines, together with a constant configuration, forms a basis in general. This holds for = 5 ( [19] ). (Explicit formulas for the numbers of each of the 56 5-line configurations appear in [5] , and for the 6-line configurations in [7] .) H o rá k , P h i l l i p s , W a l l i s , and Y u c a s prove a general theorem:
Ì ÓÖ Ñ 2.1º ( [19] ) Any constant configuration, together with all full configurations on at most lines, forms a generating set for the -line configurations.
Indeed for = 6, this generating set is a basis [19] ; the seven full configurations are all needed, refuting the conjecture that the Erdős configurations suffice. The generating set is again a basis for = 7 ([27]).
ÓÒ ØÙÖ 2.2º ([19]) Any constant configuration, together with all full configurations on at most lines, forms a basis for the -line configurations.
We employ the mechanics of the proof in [19] that the full configurations provide a generating set. Indeed we explicitly calculate the numbers of all 6-line configurations here in terms of this generating set. (We have completed this computation for 7-line and 8-line configurations as well, but do not attempt to tabulate information for the 1865 7-line and 17100 8-line configurations here.) We first outline the algorithm used to realize the constructive proof in [19] .
Consider 
K into equivalence classes defined by isomorphism, and let τ (C, M ) be the cardinality of the equivalence class containing (C, M ). Intuitively, τ (C, M ) is the number of ways to mark points in K to obtain the pointed configuration (C, M ). Each occurrence of C leads to τ (C, M ) different occurrences of the pointed configuration, and hence counts of C and counts of any pointed configuration based on C are related by a factor depending only on C and M . Now let γ(C) denote the number of occurrences of a configuration C in a Steiner triple system. The proof in [19] derives equalities among these counts for different configurations; we derive their result in a similar manner here. Consider a (k , + 1)-configuration C 1 = (K 1 , L 1 ) that is not full. Then C 1 contains a point x ∈ K that has degree 1, and hence a unique line L ∈ L 1 that contains x. Let P consist of the points on L that have degree 1 in C 1 and write |P | = p and
An extension of a marked (k, )-configuration to an ( + 1)-line configuration is one obtained by adding any line that contains all of the marked points (and perhaps others, to achieve a line with three points). An extension is proper if the adjoined line uses at most one unmarked point of K. A proper extension is the standard extension if the adjoined line contains only marked points of K. (Up to isomorphism, the standard extension is unique.) For example, C 1 is the standard extension of (C, M ), as it uses no such unmarked points. However, Secondly, we count by classifying the proper extensions. Among them are all occurrences of C 1 , the standard extension. For each occurrence of C 1 , removing a line containing a point of degree one, removing all degree one points on that line, and marking the rest on the line, produces a marked configuration that may be isomorphic to (C, M ); let µ(C, M ) be the number of ways that an isomorph of (C, M ) arises from C 1 in this way. Because 3 − |M | points not in K are used, yet only 2 − |M | are anchors, this yields in total µ(C, M )(3 − |M |) different ways to produce the marked configuration with anchors. Next consider the other (nonisomorphic) proper extensions C 2 , . . . , C e that are not standard; by our earlier remarks, for 2 ≤ i ≤ e, C i is the standard extension of (C, M ∪ {y i }) for some y i ∈ K \ M . Let ι(C, M, {y i }) be the number of times the marked configuration (C, M ) appears in (C, M ∪ {y i }); each marked configuration (C, M ∪ {y i }) accounts for ι(C, M, {y i }) marked configurations isomorphic to (C, M ). Now the standard extension of (C, M ∪ {y i }) may contain the marked configuration more than once; indeed the removal of any line from this standard extension, marking the points of the line removed, yields a marked configuration that may be isomorphic to (C, M ∪ {y i }) or to another marked configuration. Let κ(C, M, {y i }) be the number of times the standard extension of (C, M ∪ {y i }) contains an isomorph of (C, M ∪{y i }) in this way. Then each occurrence of the proper extension
This accounts for all occurrences of the marked configuration (C, M ). Putting the pieces together, we have established that
The left hand side arises from the number of marked configurations (C, M ) together with 2 − |M | anchors. The right hand side accounts for each such choice exactly once, as above. In order to make the calculation explicit,
We work one example here. Let C be the triangle (K, L ) with K = {1, 2, 3, 4, 5, 6} and L = {1, 2, 4}, {1, 3, 5}, {4, 5, 6} . Mark C using M = {2, 3}. There are three ways to mark C to obtain an isomorph of (C, M ), namely marking {2, 3}, {2, 6}, or {3, 6}, so τ ({2, 3}, C) = 3. The standard extension of this marked configuration is C 1 = K ∪ {7}, L ∪ {{2, 3, 7}} . The configuration C 1 contains an isomorph of (C, M ) twice, once removing line {4, 5, 6} and once removing line {2, 3, 7}. So µ(C, M ) = 2. Now (C, M ) has only one other proper extension. Indeed to mark another point within K, the only choice is point 6 while maintaining noncollinearity. This corresponds to the marked configuration (C, M ∪ {6}), whose standard extension is C 2 = (K, L ∪ {{2, 3, 6}}). In this example, C 2 is isomorphic to the Pasch configuration. The Pasch configuration contains four marked configurations isomorphic to (C, M ∪ {6}), each obtained by the removal of a line. Thus κ(C, M, {6}) = 4. Furthermore, C, M ∪ {6} contains three isomorphic copies of (C, M ), each obtained by "unmarking" one of the points in {2, 3, 6}. So ι(C, M, {6}) = 3. Simplifying all of this, we get the equation
Of course this example is selected to be small enough for easy hand computation, and so involves few extensions, and simple integer coefficients.
THE CONFIGURATION POLYTOPE OF -LINE CONFIGURATIONS
In [19] , the same development is done without marking the configurations; we have marked them here in order to make the coefficients explicit and therefore more easily calculated. The essential observation is that the right hand side in (2) contains only configurations with one fewer line or one fewer point than C 1 has. In [19] this is used to support a double induction, first on the number of lines, and second on the number of points, to establish that the count of any configuration that is not full can be written in terms of v and counts of full configurations with fewer points (and perhaps fewer lines).
As we see it, the advantage to marking is that equations arise from marked configurations; indeed there is a one-to-one correspondence between marked configurations with two or fewer marked points and the equations. Our interest is in explicit calculation of the equations produced.
We begin by constructive enumeration of all -line configurations with ≤ 8. This is easily accomplished by adjoining one line at a time in all possible ways, and using the canonical form routine of nauty ( [23] ) to preserve one representative of each isomorphism class. Then we mark each in all possible ways, marking at most three points and ensuring that no two of the marked points are collinear. Table 2 gives the number of isomorphism classes of marked configurations classified by the number of lines and the number of marked points. When treating counts of configurations on + 1 lines, typically there are more equations arising from the marked configurations on lines than there are ( + 1)-line configurations. For example, for the 282 6-line configurations, 769 = 56 + 258 + 455 equations are generated. This occurs because while each such marked configuration on 5 lines has a unique standard extension, that standard extension may be the same as one from another marked configuration. Duplication among the equations can be used in part to verify the computation, as each equation should determine the same relationship (using a different set of extensions).
With a list of all marked configurations in hand, it is an easy matter to calculate the quantities τ , ι, and κ used above for each of the marked configurations; each changes the marking, or removes or adds a line, to produce another marked configuration, and nauty is again used to determine isomorphism.
The precomputation of marked configurations along with τ , ι, and κ permits us to determine all of the equations representing counts of all configurations in terms of counts of full configurations (and the variable v), for any maximum number of lines. We have carried out this computation completely for counts of the configurations on eight or fewer lines. As expected, the additional equations that arise from the multiplicity of marked configurations yield duplicate equations and no inconsistency results.
Configuration polytopes
As we have seen, substantial effort has been invested in determining counts of configurations; sometimes the maximum count for a specific configuration is of interest, as with Pasch configurations ( [14] , [26] ) or Mitre configurations ([4, Chapter 13]). Sometimes the minimum is of interest. Indeed the avoidance problem asks whether the minimum count for a configuration can be zero. Simultaneous avoidance of multiple configurations asks whether all of their counts can simultaneously be zero. For example, the 6-sparse problem considers when the counts of Pasch, Mitre, Crown, and Hexagon, can each be zero. In [12] , a problem in codes for computer-aided circuit design asks when the counts of Pasch, Double Triangle, and Grid can each be zero (these are the even configurations).
In order to treat all such questions in a standard way, denote by η the number of nonisomorphic configurations on or fewer lines, and denote by ϕ the number of these that are full. We sometimes abbreviate these to η and ϕ, assuming from the context. We consider the set of equations expressing the numbers of each of the η configurations in terms of the numbers of the ϕ full configurations and the variable v. For concreteness, η 6 = 362, and so there are 363 variables when v is not fixed. The form of the equations ensures that each expresses a configuration count as a linear combination of ϕ configuration counts, with coefficients that can be ratios of polynomials in v. For fixed v, then, configuration counts are expressed as linear combinations of other configuration counts.
We adopt a different viewpoint. Begin with real space of dimension η + 1 (R 363 when = 6). All simultaneous selections of counts for the configurations and for the order v of a Steiner triple system reside in the positive orthant R η+1 + . The polyhedron defined by the admissible counts and value of v does not have dimension η + 1, however! Instead the equations established earlier limit the dimension to at most ϕ + 1. So far this is a simple translation.
THE CONFIGURATION POLYTOPE OF -LINE CONFIGURATIONS
Now rather than using the full configurations to determine counts of the rest, we use counts of the rest to constrain the counts of the full configurations. When (C, M ) is a marked configuration with at most two marked points, we combine two pieces of information. First, the number of times (C, M ) occurs in a specific system is a nonnegative integer. Second, it is equal to a known linear combination of counts of full configurations. Combine these to observe that linear combination must be nonnegative.
To illustrate this, return to the example leading to (3) . In that case, C is a constant configuration, a triangle, appearing precisely 4∆ times in every STS(v). However C 1 and the Pasch configuration C 2 are variable. Nevertheless we can bound the number of Pasch configurations, as follows.
By similar arguments, an upper bound in terms of v on each of the full configurations can be established. We simply state them here:
In passing we remark that the maximum count of Pasch configurations ∆ = Chapter 13] . More seriously, the maximum count of Mitre configurations, 2∆, is more seriously misstated there and the mistake repeated in [1] . This crude argument does not take into account interactions among the counts of the full configurations, so may not yield a tight bound. Indeed it does not provide any information about simultaneous occurrence of two or more configurations; nor does it bound the counts of configurations that are not full.
In order to address these questions (and more), let γ 1 , . . . , γ ϕ be the counts for the full configurations (for = 6, index them in the order shown as γ 1 , . . . , γ 7 ). Now consider again equation (2) . As the count γ(C 1 ) is nonnegative, so also is the linear combination on the right hand side. Now this linear combination can be written in terms of {γ 1 , . . . , γ ϕ }, producing a linear inequality involving the ϕ variables. To be precise, the coefficient of γ i for 1 ≤ i ≤ ϕ and the "constant" term are ratios of polynomials in v; so the linear inequalities are in R ϕ for fixed v. Consider the set I (or simply I ) of all such inequalities arising from (2) from every marked configuration on + 1 lines.
Since γ i is bounded below and above by fixed functions of v (and all such inequalities appear in I ), the inequalities define a finite polyhedron P in R ϕ . We call this the configuration polytope for -line configurations, although there is actually one polytope P (v) for each choice of v. Refer to [24] for polyhedral theory and terms not defined here.
Why define a configuration polytope? The boundary and interior of this polytope defines regions in which simultaneous assignments to the counts of full configurations can be made that are valid under I , and hence possible in principle as counts of full configurations in Steiner triple systems of order v. The exterior of the polytope certainly consists of assignments that are infeasible.
More importantly, according to (2) the configuration count of any -line configuration is a linear combination of {γ 1 , . . . , γ ϕ }. Maximizing or minimizing the count of any configuration subject to I , not enforcing integrality of the counts, is an optimization problem whose feasible region consists of the configuration polytope -and hence the optimum occurs at an extreme point [24, Theorem I.4.5] .
For the purposes of computation we restrict to = 6, so that η = 362 and ϕ = 7. We form the family of configuration polytopes P 6 (v) parameterized by v, and by enumerative techniques we list all extreme points in Figure 3 . We describe the method by which this is done in a moment, but remark on some interesting results first.
Our crude upper bound for γ 6 was ∆(2v − 3) and that for γ 7 was ∆ v−3 3
. Yet the extreme points never permit γ 6 
, so in these two cases the extreme points provide a more accurate bound. Simultaneous occurrences can also be examined. For example, in an STS(v) that has no STS(7)-Line, the maximum number of Pasch configurations is at most 1 3 ∆, only one-third of the maximum permitted when STS(7)-Line can occur.
To determine the extreme points, we start with the 362 constraints produced for 6-line configurations in (2) . Some are vacuous because they do not involve any of {γ 1 , . . . , γ 7 }. This occurs for all constant configurations, of which there are 23 in total. Then eliminating constraints that are easily seen to be dominated by another, only 110 remain. Treating cases when an inequality is dominated by a linear combination of two others does not appear to be effective in reducing this much further. Instead we use the crude upper bounds developed before as follows. Inequalities in I are written in the form
Let γ i be the crude upper bound determined earlier, and γ i = 0. Then replace γ i by γ i if β i < 0, or by γ i if β i ≥ 0 and evaluate the sum. If it is always at most β 0 , then the inequality is dominated by the constraints giving the lower and upper bounds on {γ 1 , . . . , γ 7 }, and can be eliminated without changing the polytope. This is very effective: Only 36 inequalities remain. At an extreme point, seven linearly independent inequalities hold as equalities (and others may also hold). Hence we can enumerate the choices of seven putative equalities systematically, avoiding linear dependences (which are revealed as further dominated inequalities); once a suitable set of 7 is found, the values {γ 1 , . . . , γ 7 } can be calculated 
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Pasch Mitre STS(7) Crown Hexagon Double Grid -Line Triangle from the seven independent equalities, and these values form the extreme point. Some duplication arises in our enumeration, which we suppress in Table 3 . By choosing extreme points to maximize or minimize the linear combination of γ 1 , . . . , γ 7 specified by any configuration count, we can determine lower and upper bounds on the number of occurrences of that configuration. This is done in Table 4 for all configurations on 2, 3, and 4 lines.
Each line gives a configuration number, then the number of lines and number of points, and then one set of blocks isomorphic to this configuration. Seven columns then indicate the dependence of the count on γ 1 , . . . , γ 7 ; ⊕ indicates that the configuration is the full configuration, while indicates that the count of this configuration depends on the count of that full configuration. Finally lower and upper bounds, in terms of v, are given for the configuration count. A nonzero lower bound ensures that the configuration cannot be avoided. When the lower bound is 0, it might be avoidable.
There are some limitations to this analysis. Inclusion in the configuration polytope may not ensure that an integer point can be realized in a Steiner triple system. Also the extreme points may be fractional. For example, when γ 1 = · · · = γ 6 = 0 and γ 7 = 1 3 ∆(v − 12), the value of γ 7 is not integral when v ≡ 7, 13 (mod 18) but is integral otherwise.
Nevertheless the bounds produced in this manner are valid and suggest what the extreme values can be expected to be. Questions about simultaneous avoidance are more difficult to tabulate, but are easily addressed as follows. At each extreme point, one can tabulate all configurations that have lower bound 0. Then each such set corresponds to a maximal set whose counts can be simultaneously 0.
To illustrate this, all 5-line configurations are given in Tables 5 and 6 in the  same format as Table 4 . Among the first 80 configurations, we can hope to avoid numbers 9, 11, 25-32, 36, 37, 38, and 45 in general individually (for small values of v, more may be avoidable). The maximal sets of configurations that can be , every point of the configuration polytope can be written as a convex combination of the extreme points. It follows that whenever a configuration count is 0 for any point of the polytope, it must be 0 at some extreme point. While this ensures that we have captured all of the configurations that can in principle be avoided, it should not be concluded that other (smaller) sets of configurations cannot be the actual set avoided. Indeed at some of the extreme points of P 6 , every configuration has nonzero count. Once v is large enough, this is expected at some point in the polytope, but it is perhaps surprising that it holds at an extreme point.
THE CONFIGURATION POLYTOPE OF -LINE CONFIGURATIONS
In the Appendix, we tabulate all 282 6-line configurations. Again we can ask about simultaneous avoidance. Let Then the maximal sets of configurations that can all be set to 0 at an extreme point of P 6 are listed in Table 7 .
Again, it seems difficult to determine which of these sets can be avoided in an STS(v), but certainly no sets not contained in one of these can be avoided for "large" values of v.
The seven and eight line cases
Much of this effort can be carried through for the seven line case, and some through the eight line case as well. The number of relevant inequalities has been dramatically reduced from 362 to 36 for 6-line configurations. Nonetheless this represents the primary obstacle to treating 7-line configurations in the same manner; the initial set has 2227 inequalities, but worse -there are 26 full configurations to treat, so the configuration polytope is in R 26 (and, by [27] , has full dimension).
THE CONFIGURATION POLYTOPE OF -LINE CONFIGURATIONS
The elimination of constraints easily seen to be dominated by another reduces the 2227 inequalities to 1373. Rather than using crude bounds, we use the 44 extreme points of P 6 and the linear inequalities to determine maxima for the 19 counts of full 7-line configurations. These are given in Table 8 . Enforcing these upper bounds to eliminate further inequalities leaves 545 inequalities to define P 7 . While in principle the extreme points of P 7 could now be determined by finding sets of 26 independent inequalities among the 545 that are met with equality, we leave this for a (much) longer day.
It must be emphasized that the maxima presented in Table 8 may not be achievable for a particular choice of v even if the maximum can be achieved on occasion. For example, as the first five all contain a Pasch configuration, their maxima could be achieved only when the number of Pasch configurations is ∆, and hence the system is a projective triple system. Indeed there is no guarantee that the maxima given can ever be achieved, as the linear equalities capture some but not all of the combinatorial restrictions.
Conclusions
We have adopted a polyhedral view of configurations in Steiner triple systems. Equations from the generating set, relaxed to nonnegative fractional inequalities, define a family of polytopes. Every feasible assignment of counts to -line configurations is within the polytope P . We have outlined an effective computation of P and applied it with = 6. This procedure employs the strategy of the original proof, but using marked configurations. Determining P enables us to determine the maximum and minimum possible counts of each -line configuration easily, addressing not only avoidance but also simultaneous avoidance. In closing, we remark that every Steiner triple system with at least seven points contains a full configuration on seven or fewer blocks ( [2] , [12] ); this is established using polynomial equalities among configuration counts that generalize the linear equalities explored here. These polynomial equalities establish that for ≥ 7, the origin of the polytope explored herein is infeasible. Hence it is of interest to explore polynomial bases for the configuration counts. 
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Appendix: The 6-line configurations
abc ade bdf cdg beh cei 0 3∆ 88 6 9 abc ade bdf cdg beh afi 0 4∆ 89 6 9 abc ade bdf cdg beh cfi 0 24∆ 90 6 9 abc ade bdf cdg beh bgi 0 12∆ 91 6 9 abc ade bdf cdg beh egi 0 24∆ 92 6 9 abc ade bdf cdg beh fgi 0 24∆ 93 6 9 abc ade bdf cdg beh ghi 0 12∆ 94 6 9 abc ade bdf cdg efh egi 0 12∆ 95 6 9 abc ade bdf cdg efh ahi 0 24∆ 96 6 9 abc ade bdf cdg efh chi 0 12∆ 97 6 9 abc ade bdf cdg efh dhi 0 6∆ 98 6 9 abc ade bdf cdg efh ghi 0 12∆ 99 6 9 abc ade bdf ceg cfh efi 0 4∆ 100 6 9 abc ade bdf ceg cfh bgi 0 12∆ 101 6 9 abc ade bdf ceg cfh dgi 0 12∆ 102 6 9 abc ade bdf ceg cfh fgi 0 24∆ 103 6 9 abc ade bdf ceg cfh ghi 0 12∆ 104 6 9 abc ade bdf ceg fgh ahi 0 6∆ 105 6 9 abc ade bdf ceg fgh bhi 0 24∆ 106 6 9 abc ade bdf cgh egi fhi ⊕ 0 2∆(v-7) 107 6 9 abc ade bfg dfh egi chi ⊕ 0 
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+527v-2473) 316 6 13 abc ade afg bhi bjk dlm 
